A CONTINUOUS FUNCTION WITH NO UNILATERAL
DERIVATIVES*

BY
ANTHONY P. MORSE

1. INTRODUCTION

A. S. Besicovitcht has given a construction of an even continuous function
B for which he asserts the property D,B(x) <D*B(x), (—1<x<1), and, in
consequence of the evenness of B, the companion property D_B(x) <D-B(x),
(—1<x<1); that is, B has nowhere a unilateral derivative finite or infinite.
Later E. D. Pepper} examined this same function. Some readers have found
difficulty in following the reasoning employed by both these authors, and it
may be that in some minds doubt as to the existence of such a function has
been raised by the theorem of S. Saks§ to the effect that the “functions of
Besicovitch” constitute a set of only first category in the space C of continuous
functions. ||

In the present paper we, like Besicovitch, associate with a function having
dense intervals of constancy another such function. The method of associa-
tion used here, however, is purely arithmetic and differs essentially from that
of Besicovitch. The function F which it is our purpose to define and investi-
gate is even and continuous on the open interval (—1, 1) and has the property

F(§) — F(a) F(§) — F(x)

E—=x E—x

< lim sup = o, —-1<x<1,

-zt

lim inf
Iacay

which, incidentally, the function B does not possess.

We remark that it is our intention to order the subsequent material so as
to facilitate the reading of the proof of Theorem 5.2. Should the reader wish
to acquaint himself at once with the formal definition of F, he may do so by
examining §2 and Definitions 3.1, 3.3, 4.2, and 5.1.

* Presented to the Society, December 30, 1937; received by the editors December 18, 1937.
The author wishes to express his gratitude to E. M. Beesley of Brown University for assistance in
preparation of the manuscript and for suggestions concerning presentation of the material.

t Besicovitch, Discussion der stetigen Funktionen im Zusammenhang mit der Frage iiber ihre
Differentsierbarkeit, Bulletin de ’Académie des Sciences de Russie, vol. 19 (1925), pp. 527-540.

1 Pepper, On continuous functions without a derivative, Fundamenta Mathematicae, vol. 12
(1928), pp. 244-253.

§ Saks, On the functions of Besicovitch in the space of continuous functions, Fundamenta Mathe-
maticae, vol. 19 (1932), pp. 211-219.

|| It may be recalled that Banach, Uber die Baire’sche Kategorie gewisser Funktionenmengen,
Studia Mathematica, vol. 3 (1931), p. 174, has shown that in C the set of functions having at no
point a finite unilateral derivative is of second category.
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2. NOTATION AND CONVENTIONS

We employ the symbol [x;, ;] to denote a closed interval, the symbol
(21, x2) to denote an open interval. The latter notation will be understood to
imply that x; <x,. By the word sef we understand a set of real numbers, by
the word function a function on a set to a set. The letters #, V, v are permitted
to assume integer values only. We denote the outer Lebesgue measure of a
set A by |A4].

We shall find it convenient to refer to an open interval («, ) as an interval
of aset 4 if (o, B) € A with a and B elements of the closure of the complement
of 4. In case A is open this means « and 8 are not elements of 4.

In connection with a function f we employ the notations:

K(f) = the interior of the set g[}.n_’r; [f(x + B) — f(x)]/h = O],

H(f) = the complement of K(f) with respect to the domain of f,
z() = E[{(x) = 0],  P(f) = E[1(x) > 0].

We also agree that if 4 is a set and » =0, then the set 4 shall be defined
as follows: x ¢ A®™ if x=+1 or if there is an interval (e, b) such that
x e (a, b) cA with b—a>r.

3. THE SEQUENCE {\,} AND THE FUNCTION 6

3.1. DEFINITION. {\.} is the sequence, defined on all integers n, for which
Moo= 1/24n/2(| n| + 3).

In addition to the fact that \,—1 or 0 according as #— -+ or — =, the
properties of {\,} for which we shall have use are embodied in the following
lemma:

3.2. LEMMA. For each integer n, Na+A_n=1 and 0 <Np1—XA, <N2E <A,

Proof. The first relation being evident, we prove the second. For each in-
teger n, |n| (n+1) — |n+1|n =0, and we have

1 n+1 n
s =20 = )
2\|n+1|+3 |#n|+3
B 1(|n|(n+1)+3(n+l)—-n|n+1|—3n)

2 (In+1[+3)(|n|+3)
_ 3 =< 3 >2_ 2(|»| +3)
2+ 1 +3(n]+3) \2(|n]+3)) 3(|n+1]+3)
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3+n+|nl>2 2[n+1]+34+1)
=(2(|n|+3) T 3(la+1]+3)
~owr L(ie L)

3 |n+1|+3
(Aa)2(2/3)(1 + 1/3) = (A)?(8/9) < (Aa)? < Aa.
Since N\, converges to 1 or 0 according as n—+ o or — «, and since

0 <\, <N.41<1 for each integer # (see 3.2), it follows that there is a unique
function @ determined by the following definition:

3.3. DEFINITION. With v, =\, for n odd and v,=(N\,)''? for n even and
a particular non-dense closed set which enjoys the property*

| A= 2,008 >0, | A+ 2]-9|>0, >0, — 0 <5< w,

A

IIA

0 is the function on (0, 2) defined by the following relations:

o(x) = Un + ('Y'H-l - 7")' [)‘m x]‘@l /I [)\m kn.+1]'~©l’ kn SEx= An-i-l,
o) =1, 0(x) =002 — x), 0<x<2.

3.4. THEOREM. T ke function 0 has the following properties:
(a) 0 is continuous on (0, 2) and

lim ) =0<2/2=26(x) = (x+3)/4=6(1) =1, 0<x<1;
-0+

(b) K(6)1 s dense in (0, 2), while N, e H(6) for each integer n;
© lim | fo@) ~ o))/~ 9| < =, - 0<z<2
() if (o, B) is an interval of K(0), then 6[(a+8)/2]= (B—a)*2.

Proof. In order to establish these properties we note first that for each
integer #, 8 is clearly continuous on [\,, A.41] and that

1) A = 0(x) = (M), A = % S Aoy
Thus from (1), the symmetry of 6, and the equalities

lim A, = lim (\)V2 = 1, lim A, = lim (\)Y2 = 0,

n—o n—o f—r—o0 n—s—cwo

it follows that 6 is continuous on (0, 2) with 8(£)—0 as £—0+. Observing that
the relations
Al — A < Ag, MmFAL=1, n an integer,

* This is an almost immediate consequence of the existence of non-dense closed sets of positive
measure. )
1 The meanings of K(6), H(9), and an interval of a set are explained in §2.
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found in Lemma 3.2 imply the relations
(2) A1 < 2\, A =1—2A,, n an integer,

and recalling that the geometric mean never exceeds the arithmetic, we con-
clude from (1) that N\, <x <\, implies

0 < %/2 2 Mi1/2 <A S 0(8) S Qup1)2 = (1 = Aoaen)2 < (1 — A_n/2)102

1 A\12 A\ Ve R
-(5) - ()
2 2 2

2
34N 344
T4 4

IIA

whence (a) is established.
Using the notation of 3.3 for the remainder of the proof, and deferring
consideration of (b) until last, we begin checking (c) by noting that (1) and

(2) imply
1—0¢) S 1= =An =2
=2(1 = ) S 2(1 — 9), A S £ S Mt

| 6(1) — 6(8) |

From this and the symmetry of 8 it follows that for x=1
lim | [o6) — 0]/ — 2)] < =

for other x ¢ (0, 2), this inequality results from the relation (see 3.3 and note
that |'y,.+1—'y,.| <1 for each integer %)

|0(x3) - 0(x1)| = l X2 — xll /l [>‘m )‘»+1]‘©|, An £ %1, X3 £ Apy1.

In order to check (d), we prove first that N\, e H(0) for each integer n. If
is odd, then v, =X, < Any1)Y2 =741 and Yn41—7v. >0, so that the combination
of this last relation with the property of $ stipulated in 3.3 yields the rela-
tions N\, e H(0), N1 & H(6); whence N, ¢ H(6) for each integer #. This of course
implies 1 ¢ H(6), so that upon letting (, 8) be any interval of K(f) we have
either (o, 8) € (0, 1) or (e, B) € (1, 2). Thus in order to verify

0([a + B1/2) 2 (B — )12

there is, in view of the symmetry of 6, no loss in generality in assuming
(a,8) €(0,1). Since N, ¢ H(6) for each integer #, it is clear that an integer N
exists for which Ay <& <B'=M\y41, and hence from (1) and Lemma 4.2 follows
the relation

0([a + B8]/2) Z A\v > (w1 — A)V2 2 (8 — a)'/2.
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The property (d) is now established as well as the second part of (b); the
first part of (b) is a consequence of the fact that the complement of $ is an
everywhere dense open set.

4. FUNCTIONS OF CLASS ; THE FUNDAMENTAL OPERATION

4.1. DEFINITION. A function f on (—1, 1) is said to belong to the class A
if it possesses the following properties:

(a) fis continuous with 0 <f(—x) =f(x) for x e (—1, 1);

(b) K(f) and P(f) are dense in (—1, 1);

(c) Corresponding to each interval (e, B) of the open set P(f) there exists a
number k= ([B—a]/2)"V? such that x ¢ (o, B) implies

f(®) = h-6[(22 — 20)/(8 — a)].

In the next definition we exhibit the operation which is fundamental in
the present development and which, among other things, associates with each
function in % another such function.

4.2. DEFINITION. With each function f on (—1, 1) we associate the function
f, ikewise on (—1, 1), for which x ¢ H(f) implies f(x) =0, and x ¢ K(f) implies
fx)=h-0[(2x—2a)/(B—a) ], where (a, B) is the interval of K(f) of which x is
an element and h is the lesser of the numbers*

(inf {K(f)(ﬁ—a).[%_ﬂ_’ 1]} — sup {K(],)(B_a)‘[_ 1 g_._:_g:l})m

and

|/l +B)/2]]

21/2

We devote 4.3-4.9 to the study of this operation.

4.3. LemMA. If f ¢ A and (e, B) is an interval of K(f) with (a+B)/2=p,
then f(u) = (B —a)*2.

Proof. The satisfaction of 4.1(b) by f implies K(f) ¢ P(f) which in turn
implies the existence of an interval (o, B’) of P(f) for which o’ <a<B<pg’.
Now let

" _ al/ + 3!/

o + B 28 — 2o
’ a ’ "= ) = —

2a — 2a’ "
2 Cp—a g — o 2

K=

and observe that the relation (see 4.1(c))
* By K(f)® we understand [K(f)]#*. The latter notation is explained in §2.
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f(®) = j(W)8[(2x — 2a)/(8" — )], o <x<p

implies (a’/, B’’) is an interval of K (). Making use of 3.4(d), 4.1(c), and the
above relations we conclude

Jw) = fwo[(2e — 2)/(B" — )] = f(W)OW") Z f(W)(B" — a”)
z {[( — a)/2]- (8" — )}
= {8 = «)/2]-2(8 — @)/(B — &) }12 = (B — a)''2.

4.4. LEMMA. If f ¢ A and (o, B) is an interval of K(f) with (a+B)/2 =p, then
fw) 2 [(@’CY)/Z]”2 and x ¢ (a, B) implies

0 < (= x) = J(x) = F(w)o[(2x — 20)/(8 — )] = f(u) = f(x)/2!7.
Proof. Letting
Qo =Sup {K(f)(ﬁ—a). [_1’ #] } ) BO:inf {K(f)(ﬂ—a) : [l“" 1]}

so that f(u) is the lesser of the numbers f(u)/2!2 and (8o—a)'?, we note
that the evenness of f implies (—B, —a) is an interval of K(f) and implies the
equivalence of the relations x ¢ K(f)¢—2, —x ¢ K(f)¢® which in turn imply

— Bo = sup {K(f)(ﬁ_a)‘ [_ 1, - l"]} y — ao=inf {K(f)(ﬁ—a). [— K, 1]} .

Consequently, in view of the relation f(u) =f(—wu), it follows that f(u) =f(—pu),
which in conjunction with 4.2 and the symmetry of 6 assures us that
f(x) =f(—x) for x ¢ (a, B). Furthermore the relations

Bo— a2 Z (B — )2 > [(B8 — a)/2]"2, fw)/212 Z [ = a)/2]'2,

the latter of which is a consequence of 4.3, entail
fw) 2z [ — a)/2]12 > 0.

From this last relation, 4.2, and 3.4(a) it follows that x ¢ (o, 8) implies

0 < J(x) = Jw)-0[(2x — 20)/(8 — )] < Jw) S fw)/272 = f(x)/2172,
and the proof of the lemma is complete.

4.5. LEMMA. If f e A then

0 = f(— ) = f(x) £ f(x)/2172, —1<x<1.

Proof. Since f is even, x ¢ H(f) implies —x ¢ H(f). Hence from 4.2 we con-
clude that for x ¢ H(¥)

0 = f(= ) = (=) £ f(=)/2'7,

and the preceding lemma completes the proof.
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4.6. LEMMA. If f & U then K(f) = P(f), H(f) =Z().

Proof. Lemma 4.4 implies K(f) ¢ P(f). Definition 4.2 implies H(f) ¢ Z(f).
Lemma 4.5 implies that P(f) and Z(f) are complementary in (—1, 1). The
proof is complete.

4.7. LEMMA. If f ¢ ¥ and (a, B) is an interval of K(f), then o and (a+B)/2
are elements of H(f) and we have

f@) = lim F© = 0 < liminf 22 TI@ i o 1O 27 _
t—at E—'¢+ (-« t—at t—a
el teH()

Proof. Referring to 4.4 we note

&) = m[2t — 20)/(8 — ®)], a<t<B,

where k=f[(a+8)/2]>0; so that upon noting « ¢ H(f) and referring to
3.4(a), 4.2 we conclude that f(¢{)—f(a)=0 as £{—a+. Also upon defining
t£n=a+N.(8—a)/2 and recalling that N\, e H(f) for each integer » we con-
clude that &, ¢ H(f) for each integer » and (see 3.3)
CINE TR TR IR
bh—a An B—a M B—a B—a
F&) MW 2 QW) 2k
Sn -« An B —a h )\n B —a

— @, neven, n — — .

Since £,—a or (a+B)/2 according as #— — © or + =, it is clear that « and
(a+B)/2 are elements of H(f) and that the proof of the lemma is complete.

4.8. THEOREM. If f ¢ A then x ¢ H(f) - P(f) implies

lim f(¢) = f() = 0 < lim M < lim-sup J® — =) _
ozt €—'z+ E—x R E— x
teH() 2eH(D

Proof. In view of the preceding lemma we confine ourselves to the case in
which x not only is an element of H(f)-P(f) but also a cluster point of
[x) 1] : H(f)‘

Let M(r) =sup_ici<: {inf K(f)®-[¢, 1]—sup K(f)»-[—1, ¢]}, and note
that the openness of K(f) implies (—1,1)-K(f)® 1 K(f) as r—0+ so that the
openness and denseness of K(f) in (—1, 1) imply* M (r)—0 as r—0+. Thus if
{£.} is a sequence of points of K(f) tending to x from the right and if the

*Let e>0;let —1=go<a< * -+ <an=1 with ¢,—a,.1<e¢/2 forv=1,2, - - -, N. Since there

exists a positive number & such that K(f)®- [a,_1, a,] is non-void for »=1, 2, - - - , N, we conclude
that 0<r <& implies M(r) <e.
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interval of K(f) of which £,is an element is denoted by (as, B8.), it becomes
clear in the light of 4.5, 4.4, and 4.2 that

0 = J(x) £ F(&a) = Fl(an + Bn)/2] < [M(Ba — a)]12—0 as n— .

Since f(x) =f(£)=0 for & e H(f), it is now evident that f(£)—f(x) =0 as
g¢—x+. Now a sequence {(a,, b,)} of intervals of K(f) with m,=(a,+b,)/2
exists such that m,—z+ and such that for each positive integer » the set
[x, m,]- K(f)®s=e» is void and* the number [2M (b, —a,)]"? is less than f(m,,).
Recalling 4.2 we have

f(mn) = [M(bn - a”)]lﬂ < flma)/2'%, n=1,2,3,---,

which with the fact that [x, m,]- K(f)®»e» is void for n=1, 2, 3, - - - implies
Fma) = {inf [ma, 1] K()®o — sup [ 1, ma]- K(f) o—ew}1/2

= (m, — )2, n=123---.

The Theorem is now a consequence of 4.5, the first conclusion of 4.7, and the
following two relations which are valid forn=1,2,3, - - - :

Fma)/(ma — 2) 2 1/(ma — 2)V2,  f(aa) = f(x) = 0.

4.9. THEOREM. If f e % then F e 9.

Proof. That f is continuous on the right at each point of H(f) - P(f) is a
consequence of 4.8; that the same is true on H(f)-Z(f) and on K(f) is a con-
sequence of 4.5 in the first case, and of 4.4, 3.4(a) in the second; that f satis-
fies 4.1(a) is now a consequence of 4.5.

Since K (6) is dense in (0, 2) it follows from 4.4 that K(f) is dense in X(f)
which is dense in (—1, 1). Lemma 4.6 implies K (f) = P(f) which of course as-
sures us that P(f) is dense in (—1, 1) and that f exhibits property 4.1(b).

Lemma 4.4 combines with 4.6 to yield the satisfaction by f of 4.1(c):

The proof is now complete.

5. THE FUNCTION F
5.1. DEFINITION. {F.,} is the sequence of functions on (—1, 1) determined
by
Fo(x) =0(x+ 1) for —1 <x<1, Fop1=F, forn=0,1,2,-- -,
F is the function defined by the relation
F = }.,: (= 1)"F..

n=0

* Here we use the continuity of f, the inequality f(x) >0, and the fact that M(r)—0 as 0+,
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We are now prepared to establish the following theorem:

5.2. THEOREM. F is even and continuous on (—1, 1) with

F¢ —F F(i) —F
liminfu <limsupu = o, -1<x<1,
tozt E—x toot E—x
and, in particular *
F¢) —F hd
lim inf FO - FE)) _ 0, xe [] PF,).
Al E—x »=0

Proof. Denoting D _._,(—1)*F, by S,, F—S, by R., P(F,) by B., Z(F,)
by 8., 11,08, by B,>.._083, by 3, and checking that F, %, we deduce from
4.9 that =0, 1, 2, - - - implies F, ¢ ™A and hence that F, is even and con-
tinuous. That F is even is now obvious; that it is continuous is a consequence
of the easily verified relations (see 4.5)

(1) | Ra(®) | S Fasa(s) S Fa(2)/212 < Fo(w) /24012 < 2= (i1,
_1<x<1;n=0’1’2,... .

A consequence of (1) of which considerable implicit use will be made is
the fact that F,.i(x) =0, or x & 8,41, implies R,(x) =0. It also follows from
(1) that P, and 3, are complementary setsin (—1,1) forn=0,1,2, - - - that
P and 3 are likewise complementary in (—1, 1), and that 3oc8:¢c - - -
€8nc -+ with (=1,1)=P¢>P1d> - - - P> - - -.

We divide the remainder of the proof into three parts.

PartI. If x ¢ 3 then

F(§) — F(x)

E—x

F(§) — F(x)

tE—x

lim inf
-zt

< lim sup ’
ozt

Letting xo be any element of 8 we introduce the notation

Af(§) = [/(®) — f(x0)]/(E — x0)

to facilitate verification of lim infy ..o |AF(£)| < lim supg.ser |AF(E)| = .
To this end let N (=1) be the integer for which x¢ ¢ 85 B~_1. Then since
%o ¢ Pofor0<n <N —1, it follows from4.1(c) and3.4(c) that for0<n <N —1,
lim Sup;.zp+ |AF.(£)| < and hence lim sup¢.zo+ |ASy—1(£)] <. On the
other hand ARx(£)=0 for £ e Bny1. Moreover, in view of the relations
Fy_1e ¥, Fy=Fy_;, and (see 4.6)

II(F,,) = Z(Fn+1), n = Oy 17 2’ Ty

* The setH:;o P(F,) is a residual set of measure zero. The construction can be modified so that
this set has measure arbitrarily close to two.
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it may be seen that use of 4.8 yields

0 < lim inf AFy(£) < lim sup AFy(¢) =

t—zot -zt
&3y £e3x1

Thus from the above follow the two relations
lim inf | AF(¢)| < lim inf | AF(f)| = lim inf | ASy_(8) + AF(?) |
ozt £zt

—’Z 0
N1 £e3n

= lim sup | ASy_1(£) | + lim inf | AFN(8) | <

E—z0t+ E—zet
N1 &3y

and
lim sup I AF (%) | = lim sup | ASy-_1(¢) + AFx(%) |
-t -zt

£e3n41
> hm n sup | AFn(®) | — hm sup | ASw_a(®) | = =,
£¢3N+1 E!.3N+1

which in conjunction with the fact that x, is any point of 3 complete the
proof of PartI.
Part I1. If x ¢ P, then

lim inf | [F() — F(=))/(€ = z)| =o.

Let x, be any point of P, let (a,, B.) be the interval of P, of which x,
is an element, let u, = (a,+B.)/2. From 4.6 follows
(an,ﬁn)cancst+l=P(Fy+l)=K(F1), Oévén— 1,
which implies
2 F\(un) — Fu(x0) = Fy(Ba) — Fu(x0) = 0,
Su(un) — Sy(x0) = Sy(Bx) — Su(x0) =0, O<v<nmn—1.

Thus for # even and positive (note that 3, ¢ 8., and see inequality (1))
F(Ba) — F(%0) = Sn1(Bn) — Sa-1(%0) + Fa(Bn) — Fr(%0) + Ra(8z) — Ra(0)

— Fo(%0) — Ra(%0) < — Fa(20) + | Ra(0) |

— Fu(%0) + Fu(%0)/21% = (— 1 + 271%)Fa(%0) £ 0,

whereas for #» odd and positive

F(Bx) — F(%0) = Fu(%0) — Ra(%0) 2 Fu(%0) — | Ra(%0) | = Fa(ao)(1 — 271%) 2 0.

3)

lIA

These last two relations coupled with the continuity of F imply the existence
of {£,} for which
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F(¢) — F(%0) =0,  Bn41 £ £ = B, n=1,23---.

Hence in view of the relation (valid for n=1,2,3, - - -)

4) 0<tn—%SBn—2%=PBn—an<2[Fau)]2S 2" > 0asn—>

which is a consequence of 4.1(c), the equality (1) =1, and inequality (1),
the remainder of the proof of Part II is evident.
Part II1. If x ¢ B then

hl:i'::_lp | [F&) —F@®)]/¢E - 0)| = =.

Let x, be any element of B, and let a,, 8., and p, be as defined in Part II.
By reasoning to be given later we have, in case a, <% <p, with » even and
positive,

| F(un) — F(%0) | = | Fa(n) — Fa(#0) = Ra(#0) | Z Falitn) — Fa(#0) — Ra(2%0)
Z Fulun) — Falwo) = Fn(nn){l - 0(M>}

Bn_an

5) = Fo(un) {1 - %(-2::—‘2:‘ + 3)} = F"(”")'<ﬁ)

. <Bn - a")llﬁ < Mn — Xo ) Mn — X0
= 2 280 — 2an) 2828, — an)'?

2 20707 (g — 30) Z 202y — 50),

whereas in case p, <% <, with # even and positive we have

| F(8,) — F(x0) | = | Fa(%s) + Ra(%) [ = Fu(#0) — | Ru(x0) |
= Fo(x)(1 — 271/2)

Zxo -_ 2(1"
> 2727, (x0) = 2-%F.(u») 9(——)
n — Qn
2 n = n
©) = (). 0(19__&) > 2 (u) (B x)
Br — an Bn — an

v

(1%

22 (Bn - an>”2 (ﬂn - xO) 2-5/2 (Bn - xO)
2 Bn - Qpn (Bn - an)”2
> 2("-6)/2.(ﬂn —_ xO)-

Consequently {£,} exists for which xo <&, =pz. or Bes, (=1, 2,3, - - - ), with
the result that
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lF(E,.) — F(x0)

=223 50 as n— ©
En_xo

and the proof of the theorem will be complete as soon as we verify (5) and (6).

We observe that (5) consists of ten steps the reasons for which we now
give in order. (i) This is a consequence of relation (2) of Part IT and the fact
that 4.7 and 4.6 imply u, ¢ H(F,) =Z(Fn11) =841 (i) Arithmetic. (iii) In an
alternating series of the type considered here the remainder term has the
same sign as the first term omitted. Thus (—1)"*'F,;1(x,) and R.(xo) are
non-positive since # is even and positive. (iv) This is a consequence of 4.1(c)
and 6(1)=1. (v) From 3.4(a) it follows that 6(x) < (x+3)/4 for 0<x<1.
(vi) Arithmetic and the definition of u,. (vii) Inequality (4) of Part II.
(viii) Arithmetic. (ix) Inequality (4) of Part II. (x) Arithmetic.

'We treat (6) in a similar manner. (i) Relation (3) of Part IL. (ii) An ele-
mentary inequality. (iii) Relation (1). (iv) Arithmetic. (v) This is a conse-
quence of 4.1(c) and 6(1)=1. (vi) From 3.3 we have 6(x)=60(2—x) for
0<x<2. (vii) From 3.4(a) we have x/2<6(x) for 0 <x<1. (viii) Inequality
(4) of Part II. (ix) Arithmetic. (x) Inequality (4) of Part II.
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